We construct the BRST operator for the non-linear W B 2 and W 4 algebras.
Introduction
It is well-known that the covariant quantization of the (bosonic) string theory leads to a set of constraints for the physical state [1] | phys. :
where L n 's are the modes of the stress-energy tensor T (z) = n L n z −n−2 and satisfy the following Virasoro algebra
or in terms of T (z), the following OPE:
One way of organizing all these constraints is to introduce the ghost modes c m and their corresponding antighost modes b n which satisfy the following anti-commutation relations {c m , b n } =δ m+n,0 , {c m , c n } ={b m , b n } = 0.
Then by constructing a BRST operator (firstly introduced in the quantization of gauge fields [2, 3] ) [4] 
the physical state conditions can be formulated as the following Q| phys. = 0 and | phys. = Q|χ .
Here the BRST operator Q is required to be nilpotent, i.e. Q 2 = 0, because of the consistency of the formalism. This requirement fixes D = 26, the celebrated critical dimension of the bosonic string theory [4, 1] . If we identify Q as an exterior differential operator, from (6) we see that the physical states are just these closed but not exact differentials, i.e. the cohomology classes. The payoff of using the BRST formalism is that one can use the well-established results in cohomology theory to compute the physical states. In fact a complete understanding of the physical states in minimal model coupled with gravity was reached by computing the cohomology of the corresponding BRST operator [5, 6] .
The BRST formalism is quite powerful and has been extended to many algebras. Examples are superconformal algebras which appear in superstring theory [1] and current algebra which appears in Wess-Zumino-Witten model [7] . For all these algebras a (quantum) BRST operator can often easily be constructed. Up to some anomalous terms the Jacobi identities of the algebras guarantee the nilpotence of Q. (The vanishing of the anomalous terms gives the critical dimension but this is not always possible.) This is so because all these algebras are (graded) linear algebras. On the other hand, for non-linearly extended algebras the construction of quantum BRST operators is a much more difficult problem. For the simplest non-linear algebra W 3 [8] , the BRST operator has been constructed in [9] and shown to be nilpotent if the central charge is 100. (See also refs. [10, 11] .)
By understanding this construction, in [12] a general solution was given for the construction of quantum BRST operator for a sub-class of quadratical non-linear algebras. Nevertheless such restriction on the algebra is so stringent that even the next simplest non-linear W -algebras W B 2 and W 4 are not belong to the class * .
The BRST operator for the W B 2 algebra was studied in ref. [13] by using an explicit free field realization for part of the stress energy tensor. In this paper we will construct the (quantum) BRST operator for these two simple non-linear algebras from a purely algebraic point of view. The motivation lies behind this study is that we hope to learn something new from these simple cases. Our results hint that no general recipe could exist for the construction of BRST operator for these * These two non-linear algebras contain tri-linear term Λ 7 (∼ T 3 ) in the conformal basis, but they are actually quadratic non-linear algebras.
non-linear algebras. Contrary to the general belief we found that there exists not just a unique BRST operator but a family of BRST operators. In the case of W B 2 we found a three parameter family of nilpotent BRST operator. For W 4 there is a seven parameter family of nilpotent BRST operator. Independently the BRST operator for the W 4 algebra was also constructed in ref. [14] . It was pointed out in ref. [14] that these free parameters are related to the canonical transformation of the ghost antighost fields. We will establish this connection explicitly in sect. 5 for the W B 2 algebra.
Before presenting the results let me make a few remarks about this work and the writing of this paper. This may be helpful to understand this paper. Based on my study about the cohomology of pure gravity and subsequently some preliminary works on pure W 3 gravity [15] , I envisage that there should be a general connection between highest states and BRST cohomology in pure W -gravity [16, 17] . Central to this conjecture is the assumption that there exists a (unique quantum) BRST operator. So I set to construct the BRST operator for the W 4 algebra. In order to fix the notation I rederived the W 4 algebra [18, 19] from quantum Miura transformation [20] . The construction of the BRST operator is straightforward although the algebraic calculations are so complicated that the only hope is to use computer symbolic calculation. With the aid of computer, all the coefficients are found and the BRST operator is shown to be nilpotent. Nevertheless the result obtained is quite dirty: the printout (in phyzzx TeX form) of the coefficients is around 20 pages long and a seven parameter family of nilpotent BRST exists * . Next I realized that there is a W B 2 algebra which is simpler than W 4 algebra because there is no spin-3 fields. With W B 2 algebra life becomes much easier. Nevertheless there still exists a three parameter family of nilpotent BRST operator. As we will show in sect. 5, by requiring the total stress energy tensor as {Q, b(z)} we can fix some of these free parameters and the expression of Q simplifies a lot. For W B 2 , all the three free parameters are fixed and we have a unique BRST operator. For W 4 there left only * In an early version of this paper, I got only a two parameter family by requiring some total derivatives to zero. The solution found is only a subset of the complete solution.
two free parameters and there seems no natural choice for them. The organization of the paper is as follows:
In sect. 2 we gave all the needed OPEs for the W B 2 and W 4 algebras. The
OPEs involving the composite field Λ 1 are also given explicitly. In sect. 3 we discuss how one can construct a BRST operator for any given algebra. Specifically we gave the ansatz of the BRST currents for the W B 2 and W 4 algebras. In sect.
4 the solutions of the nilpotent condition Q 2 = 0 are given. Nevertheless we gave all the coefficients only for W B 2 and dare not to write down all the coefficients for W 4 . The best we could do is to fix five out of the seven free parameters and gave only the resulting expressions which depend on only two free parameters.
In sect. 5 we discuss the results obtained in sect. 4 and explicitly establish the connection between these free parameters and the canonical transformation of the ghost antighost fields which was only briefly touched in ref. [14] . The explcit form of all these canonical transformations are also given.
The nonlinear W B 2 and W 4 algebras
In this section we gave the complete OPEs of the nonlinear W B 2 and W 4 algebras. We will use the same notation for both algebras (but different normalization for the spin-4 field U(z)). Firstly the W B 2 algebra is generated by the stress-energy tensor T (z) and a spin-4 primary field U(w). The basic OPEs were discussed in a number of papers [21-23, 18, 19] . They are
where c 0 =
. Notice that in (7) we didn't give the simple pole terms in U(z)U(w) because these terms can easily be obtained from the symmetric property of this OPE and they are not needed explicitly in the following. Also some regular terms are included in T (z)T (w) and T (z)U(w) explicitly in order to define the quasi primary fields Λ i (w) (i = 1, 2, 5). The other quasi primary field Λ 7 (w) appears in the regular term of the following OPE:
In the computation of Q 2 we will also need the OPEs between U(z) and Λ 1 (w), and Λ 1 (z) with itself because the composite field Λ 1 (z) also enters the construction of Q due to the presence of a tri-linear term Λ 7 (w) in U(z)U(w). These OPEs can be computed from the Wick theorem involving the contraction of composite fields
[24]. Explicitly we have
For W 4 algebra there is a spin-3 primary field W (z) besides the stress-energy tensor T (z) and the spin-4 primary field U(z) appearing in W B 2 algebra. However the W B 2 algebra is not a sub-algebra of the W 4 algebra. The OPE U(z)U(w) in W 4 algebra is different from the one in W B 2 algebra because the presence of an additional spin-6 composite field Λ 6 ∼ W 2 . The complete structure of the W 4 algebra was determined by using Jacobi identities in [18, 19] . Recently we have rederived it from quantum Miura transformation [20] . For later convenience we will write the OPEs in a non-standard (but natural from quantum Miura transfor-
and Λ 1 (z)Λ 1 (w) are the same as those given above for W B 2 . The OPE U(z)U(w) changed to the following
where
W (z)U(w) and W (z)Λ 1 (w) are given as in the following:
The Ansatz
Following the standard procedure we introduce ghost anti-ghost pairs (c(z), b(z)),
(γ(z), β(z)) and (δ(z), α(z)) for T (z), W (z) and U(z) respectively. These ghost anti-ghost fields have spins (−1, 2), (−2, 3) and (−3, 4) and their mode expansions are as follows
These modes satisfy the usual anti-commutation relations which can be derived from the following OPEs
The other OPEs are all 0.
Because of the complexity with normal ordering we will not use mode expansions. All our calculation are done with (the holomorphic) fields. The normal ordering for the ghost anti-ghost fields are such that the following equations are
This is possible because all these fields are free fields.
With all the above knowledge, we now construct the quantum BRST operator.
One way to start is to construct the corresponding classical BRST operator [25, 26] . The quantum BRST operator is then assumed to be the same form as the classical one with possible renormalization of some coefficients and addition of some zero mode terms due to normal ordering. By imposing the nilpotence condition, one could determine all these coefficients. For linear algebras this route is quite successful. The same strategy has been applied to W 3 [9] and in [12] to a class of quadratic non-linear algebra. But the simplicity of this construction doesn't apply to W B 2 and other non-linear algebras. As we will show explicitly a moment later, there are new terms which are not present in the classical BRST operator. So we should look for other method. First let us see how we can generate all the possible terms for W B 2 . The ghost number condition put the constraint that an individual term should consist of n+1 ghost fields and n anti-ghost fields with n = 1, 2, · · ·. Define a generating function
Here we should first think these ghost anti-ghost fields as commutating. Only at the end of the expansion we consider them as anti-commutating and put (c(w)) 2 , (∂ w b(w)) 3 , etc. to 0. It is not quite difficult to convince oneself that P l is a spin-l current with ghost number 1. Because all the bosonic fields have positive spins, only the currents P l with l ≤ 1 could possibly be included in BRST current j(z). Due to the anti-commutativity of the ghost fields, these currents are finite in number. For l < 1, one can construct spin-1 fields from P l by multiplying with bosonic fields. We claim that these are all the possible terms. Of course every P l consists of several terms and their coefficients should be set free in j(z). 
One subtle point in the above construction of the BRST current is that there is a redundancy of terms because the integration of a total derivative term identically
gives zero. So we should set some terms to zero in order to fix this redundancy.
Bearing this in mind, the most general expression of the BRST current j(z) for W B 2 can be easily constructed. Splitting it as the sum of various term of fixing total number of ghost antighost fields, we have
where the single ghost term is
The three ghost antighost term j 1 is *
and the five ghost antighost term j 2 is
There is no 7 or higher ghost antighost terms. Notice that in j 1 (z) there also appears a term with Λ 1 (z) ( ∼ T 2 (z)). This is necessary because the OPE of two U(z)'s gives Λ 7 (w) which can only be cancelled by the terms Λ 7 (w) coming from T (z)Λ 1 (w) and Λ 1 (z)Λ 1 (w). As we will show later, the coefficient a 0 of this term is determined to be a pure number and so can never be tuned to zero we have some For the W 4 algebra one can perform similar analysis. As we noted in ref. [20] , there is a selection rule for W 4 algebra. All the fields are classified into even and odd sets. The even set consists of T (z), U(z), Λ 1 (z), Λ 2 (z), Λ 5 (z) to Λ 7 (z) and all their derivatives. The odd set consists of W (z), Λ 3 (z), Λ 4 (z) and all their derivatives. The OPEs of (even) × (even) and (odd) × (odd) give only even fields and the OPEs of (even) × (odd) give only odd fields as one can see from eqs. (7) to (11) . If we also assign a parity to the ghost antighost fields and their derivatives ((γ, β) are odd, (c, b) and (δ, α) are even), the BRST operator or the current is then an even object. Bearing this in mind we arrived at the following ansatz for the BRST current j(z):
where the single ghost term j 0 is
and the three ghost antighost term j 1 is
The five ghost antighost term j 2 contains more than 60 terms:
and there also exist some 7 ghost antighost terms
Fortunately no higher than 7 ghost antighost terms exist. In the next section we will solve the nilpotent condition Q 2 = 0 of such constructed BRST operators.
The Solutions
The BRST operator is the contour integration of the current j(z):
The square of Q is
To compute Q 2 one must do these two integration over z and w. The integration over z is straightforward. Firstly one expands j(z)j(w) and compute the OPEs (or equivalently arranging them into normal ordered products by doing various contractions). For the W B 2 algebra the needed OPEs for the bosonic fields T (z), U(z) and Λ 1 (z) are given in (7), (8) and (9) . Notice that we have purposely expanded these OPEs up to the fields with highest spin 6. This is the necessary and sufficient degree of accuracy. Because of the anti-commutativity of ghost antighost fields, terms containing higher spin bosonic fields are automatically zero. (One can easily convince oneself by constructing the lowest spin product of ghost antighost fields with ghost number 2.) For the contraction of ghost antighost fields we use exactly Wick theorem theorem in quantum field theory while taking into account the fermionic property of these (free) fields. After doing all these, the integration over z amounts to evaluate the residue of the resulting expression at w.
The integration over w is actually not needed because our purpose is to set 
The rest coefficients depend on three arbitrary parameters which we denoted as c i 
Discussions
In this section we will analyse the solutions obtained in the last section in details and explicitly show that the free parameters in the BRST operator are related to the canonical transformation of the ghost antighost fields as first discussed in ref.
[14] for the BRST operator of the W 4 algebra.
First let us look at the BRST operator of the W B 2 algebra. As in other extended conformal algebras, we define a generalized (total) stress-energy tensor
As one can see from the above, this stress-energy tensor contains more terms than needed (we need only the terms on the second line of the above equation). So a natural choice for the free parameters c i 's is to require these extra terms to be zero. This fixes all the c i 's to zero. With these zero c i , all the coefficients become pure numbers and we have a unique BRST operator. This BRST operator is the contour integration of the following BRST current
Having obtained such simple expression for the BRST operator of the nonlinear bination of them leaves the standard ghost antighost stress-energy tensor T gh. , which is given by
invariant. This is why we get a unique BRST operator after imposing the condition:
{Q, b(z)} = T (z) + T gh. (z). The general solution can be obtained from this unique one just by doing a general canonical transformation of these ghost antighost fields.
Of course the reverse is also true. In this way we established the connection between the free parameters in the BRST operator and the canonical transformation of the ghost antighost fields for W B 2 .
Quite similarly but becoming more complicated, the above connection also applies to the W 4 algebra, as first discussed in ref. [14] . Apart from the three parameter transformations given in eq. (31), we have four more independent canonical transformations by adding (β, γ) to the existing ghost antighost fields in W B 2 .
Explicitly these four transformations are (b and δ are unchanged) which leave the ghost antighost stress-energy tensor invariant. Nevertheless only two of them also leave b(z) unchanged. This is why we found only a two (instead of three) parameter family of BRST charge after imposing the condition:
T tot. ≡ {Q, b(z)} = T (z) + T gh. (z), 
is the stress-energy tensor of the ghost antighost fields in W 4 . With eqs. (31) and (33) and the explicit solution given in the last section, one can easily obtain the most general solution with seven free parameters.
One point worth noticing is that contrary to the general belief the nilpotent condition doesn't fix all the coefficients. What is not quite interesting is the fact that these free parameters are all related the freedom of canonically changing the ghost antighost fields. We effectively proved a no-go theorem. As discussed in several papers [27, 13, 28] , for higher spin extended W -algebra, it is often possible to split the BRST operator into a sum of mutually anticommuting and separately nilpotent operators. If this is the case it is quite easy to show that the BRST operator must depend on some free parameters. If Q = Q 0 + n i=1 Q i satisfy
the operatorQ = Q 0 + n i=1 a i Q i is also nilpotent and depends on n − 1 free parameters. Because our ansatz for the BRST charge is the most general form and we found no free paramters in Q, this proves that in order to write Q as the above form, one must use more inputs besides the algebra, i.e. using an explicit realiztion of the algebra * .
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